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In this paper, we prove the following theorem: Suppose there exists a cyclic afhne plane of 
even order n. 
Then (a) either n = 2 or n = 0 (mod 4), and (b) for each prime divisor p of n, we have either 
(p/q) = 1 for each prime q 1 n2 - 1 or for some positive integer r (which depends on p), 
n+lIp’+landn-lip’- 1, according as exp,t_,(p) is odd or even. For p = 2, the former 
condition cannot hold and hence the latter one holds making exp,+,(2) even. As a corollary, 
we prove that if there exists a cyclic afline plane of order n = 4 (mod 8), then (i) n must be a 
square, (ii) n = 1 (mod 3) and (iii) each prime divisor of n + 1 is ~1 (mod 4). 
(For an integer a, if t is any integer with (t, a) = 1, exp,(t) would mean the smallest positive 
integer I such that t’ = 1 (mod a). 
Here (p/q) is the Legendre symbol. 
1. Introduction 
We assume familiarity with t-ke concepts of cyclic affine planes (for instance, 
see [2] and [4]) and relative difference sets (for instance, see [3] and [7]j. We also 
refer the reader to [6] for an excellent exposition on projective planes and their 
collineations. Hoffman [4] proved: 
Theorem I_ (IkLfman [4]). The existence of G cyclic afine plane of order n i3 
equiuc:lent tr; the existence of an (n + 1, n - 1, n, 0, 1) relative difference set in 
z n2-I= 
While (n -t 1, ‘7 - 1, n, 0, 1) relative difference sets have been constructed for 
n = power of 9 prime number (see [2]), Hoffman [4] conjectured that these do not 
exist for other values of n. In this paper we prove a nonexistence theorem for 
cyciic affine planes of even order and obtain some evidence for Hoffman’s 
Conjecture. 
A word about our terminology: For an integer a, if t is asy integer with 
(t, a) = 1, exp,(O would mean the smallest positive integer I such that t’ = 1 
(mod a). 
We now state our main theorem. 
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Theorem 2. Suppose that there exists a cyclic aflne plane of even order n. Then 
(a) either n = 2 or n = 0 (mod 4), and 
(b) for each prime divisor p of n, we have either (p/q) = 1 for each prime q, 
4 In2- 1, or for some positive integer r (which depends on p), n + 1 1 pr + 
landn-lip’- 1, according as exp, 2 l(p) is odd or even. For p = 2, the _ 
former condition does not hold and hence the latter one does, making 
e~pk+~(2) even. NOTE: Here (p/q) is the Legendre symbol. 
. (i) Part (a) of Theorem 2 was proved by Ko and Ray-Chaudhuri [8] 
using different methods. 
(ii) Recently, Jungnickel [7] has proved part (a) of Theorem 2, which includes 
the abelian case as well. 
2. Preliminaries 
In this section, we quote the theorems and lay some algebraic background that 
will be used to prove Theorem 2. 
Thmrem 3 (Baer [l]). Let Q! be an involution in a projective plane of order n. 
Then either (i) n = m2 anti the fied points and lines of cy form a subplane of order 
m, or (ii) a! is a central collineation. In case (ii), if n is odd, Q! is a homology, and 
if n is even, & is an elation. 
Theorem 4 (Hoffman [4]). There is no cyclic aflne plane of 
divisible by both of the primes in any one of the following pairs: 
(293) I:&% (2,7), (2911) (2,13), (2,17), (2,19), 
(2,31), (&47), (2,61), (2,67). (2,71), (2,79), (3,5), 
(3, 17), (3, 19), :X39), (5,7), (5, ll), (5, 13), (5,29). 
order n if n is 
(2923) (2,29), 
(3, 11) (3, 13) 
Theorem 5 (Hoffman [4]). There is no cyclic afine plane of order n if n is not a 
square and there is an odd prime p such that (i) n = 1 (modp) and (ii) some 
’ product of divisors of n is a primitive root of p. 
We now sketch the construction involved in the proof of Theorem 1. Let D be 
an (n + 1, n - 1, n, 0, 1) relative difference set in Zn2+ Define an incidence 
structure n as follows: 
Points of n = Zn2+ U {m) 
lines of l7= 
D+i fori=O, 1,. . . ,n2-2 
(H+j)U{m} forj=O, ;, . . . ,n, 
where H is the unique subgroup of Zn+ of order n - 1. 
Incidence = “ E ” (belongingment). 
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Then lI is a cyclic affine plane of order n. We omit the construction involved in 
the converse. (See [4] for the details). 
Before we close this section, we given some algebraic preliminaries. 
Let G be an abelian group of exponent e. For any prime p not dividing e, let 
QP denote the field of p-adic numbers and ZP the ring of p-adic integers. Let o be 
a primitive eth root of unity over QP. Then K = Q&V) is a Galois extension of 
QP of degree exp,(p), whose Galois group is cyclic, a generator being given by 
the Frobenius automorphism o + Wp (see Serre [9]). 
3. Proof of Theorem 2 
By Theorem 1, the existence of a cyclic affine plane of even order n implies that 
ofan(n+l,n - 1, n, 0, 1) relative difference set D in Z,Z_ 1. Construct he affine 
plane l7 from D as explained in Section 2. Let II* be its projective extension. 
We first prove (a). Since n is even, if 3 1 n, then by Theorem 4, n cannot exist. 
Hence n + 0 (mod 3) and so 3 1 rz2 - 1. This, together with exps(2) = 2, implies 
that exp&2) is even. We apply the remarks made at the closing paragraph of 
Section 2 to G = 2 n2_1 and for the prime 2 dividing n. Now Gal(K/Q2) is of even 
order. Let z E Gal(K/Q2) be of order 2, say t: o+ o? We have 22’ = 1 
mod (n2 - 1) and 2’+ 1 (mod n2 - 1). Define a map 0 from G to G by ‘x+ 25. 
Then 0 is an automorphism of G of order 2. Since 2 is a multiplier of D (Theorem 
3.1, [4]), 0 defines a multiplier of D. Without loss of generality, assume that 2’ 
fixes D (otherwise replace D by such a translate of it, using Theorem 3.3, [4]). 
Extend 0 to n as follows: 
Then CT is a bijection on the points of n. On the lines of X7, define 0 by, 
a(D + i) = D + a(i) = D + 25 and a((H +i) U {Q)}) = (H + 27) U (00). 
We note that alH is an automorphism of H. Thus 0 is a bijection of the lines of 
II. Clearly, 0 preserves the incidence. Thus 0 is an involutory collineation of II. 
Extend 0 to II* and continue to call it 0. Then 0 is an involution of n*. If n > 2 
and n = 2 (mod 4), then a projective plane of order n cannot have an involution 
(see Hughes 151). This proves (a). 
To prove (b), we consider two cases. 
Case I exp,+(p) is odd 
Let q be a prime divisor of n2 - 1. Then exp,(p) is also odd, say exp,(p) = 
2s + 1. Then pzF+2 =p (mod q), showing that (p/q) = 1 as desired. If p = 2, then 
since 3 1 n2 - 1 as observed earlier, the above with q = 3 implies that (5) = 1, 
which is a contradiction. Hence, for p = 2, the former condition of (b) does not 
hold. 
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Case II exp,2_,(p) is even. 
We proceed as in the proof of (a) replacing 2 by any prime divisor p of n and 
obtain a, an involution of II*. As in (a), we also get 
P 2’=1(modn2- 1) and pr + 1 (mod n2 - 1) (1) 
Subcase II(a) o is a central collineation of IT* (which must be the case if n is a 
nonsquare, by Theorem 3). 
Since n is even, o is an ekion. Hence the axis 1 of 0 must be a line of the type: 
(H +i) U (00) U { a1 }? for some& 
Here a1 is the intersection of I and the line at infinity of fl*. CJ fixes no other 
points of II*. Thus, on one hand, the number of points of l7* fixed by CJ equals 
n + 1. On the other hand, this number equals g.c.d. (p’ - 1, n2 - 1) + 2. So, 
g.c.d. (p’ - 1, n2 - l)=n-l,whichimpliesthatn-lip’-landn+lIp’+l, 
using (1). 
Subcase II(b) C- b not a central collineation of II* 
By Theorem 3, we must have n = m2 and the fixed elements of ~7 in II* form a 
subplane Z& of order m. The number of points of I?,, on one hand, equals 
m2+ m + 1, and on the other hand, equals (p’- 1, n2 - 1) + 1 +f, where 
f = number of points of the line at infinity, fixed by 0. Thus, 
(pr-1,m4- l)+l+f =m2+m+1 (2) 
wenotethatf=O, lorm+l. 
If f = 0, (2) implies that m ] m4 - 1, a contradictiolr. If f = 1, (2) implies that 
m2+m-11m4-1. But(m’+m-l,m’-l)=l. Som2+m-11m2+1, which 
is impossible unless m = 2 and n = 4, in which case we are done. Hence 
f = m + 1, whence (2) becomes 
(p’-1,m4-l)=m’-1 (or) (p’-1,n2-l)=n-1. 
As before, n - 1 I pr - 1 and n + 1 I pr + 1, using (1). This proves (b). The last 
conclusion about p = 2 is now immediate. Cl 
4. Applications 
Theorem 6. Suppose that there exists a cyclic a&e plane of order n, n = 4 
(mod 8). Then (i) n is a perfect square, (ii) n = 1 (mod 3) and (iii) each prime 
divisor of (n + 1) is 51 (mod 4). 
emark. If Hoffman’s conjecture were true, then Theorem 6 would conclude 
“n = 4 (mod 8) implies n = 4, if there is a cyclic affine plane of order n “. 
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n-112’- 1 and n+1(2’+1 (3) 
for some positive integer r. We assert that r must be even. If r were odd, then 
2 ‘+l=2(modn - 1) i.e. 2 is a square mod (n - l), hence (2/p) = 1 for each prime 
Pin- 1. As n - 1 = 3 (mod 8), there exists prime 4, 4 = =t3 (mod 8), 4 1 n - 1. 
But then (2/q) cannot be 1. Hence I must be even, as asserted. Then (3) implies 
that n = 1 (mod 3), proving (ii). [Recall: n + 0 (mod 3)]. (3) also implies that 
(-l/q) = 1 for all primes 4 1 n + 1, because r is even. So, 4 = 1 (mod 4). This 
proves (iii). If n is a nonsquare, we appeal to Theorem 5 with p = 3, using the 
fact 2 is a primitive root of 3. This proves (i). Cl 
Theorem 7. There does not exist a cyclic afine plane of even order n, if for some 
prime q dividing n + 1, exp,(2) is odd. 
Proof. Immediate using the last part of Theorem 2. Cl 
Corollary. There does not exist a cyclic afine plane of order n = 6 (mod 14). 
Proof. Apply Theorem 7 with 4 = 7. Cl 
Note. Corollary also follows from Theorem 3.2 of [4]. 
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